The generation of two idler waves inside a high birefringent (HiBi) optical fiber through three four-wave mixing (FWM) processes is studied theoretically. The coupled-equations for the field amplitudes are derived and analytically solved, in the co-polarized and orthogonal polarization schemes. The obtained solutions take into account the delayed Raman response of the medium. The polarization sensitivity of the generation of the idler waves is analyzed. Results show that the stimulated Raman scattering does not change the efficiency of the idler wave generation in the co-polarized scheme, whereas in the orthogonal polarization scheme that nonlinear process decreases the efficiency of the four-wave mixing processes. Results also show that this set of multiple four-wave mixing processes is physically quite different from the typical single or dual pump fourwave mixing configurations. Findings show that the power transfer from the pumps to the idler fields can lead to a monotonous growth, or a periodic evolution of the sidebands along the fiber. Results show that the process efficiency varies greatly with the angle between the two pump polarizations.
Introduction
The nonlinear response of optical fibers can be described by a complex third-order nonlinear response function, R ijkl (3) [1] . The real part of R ijkl (3) is related to the nonresonant electronic response, and gives rise to nonlinear processes such as stimulated four-wave mixing (FWM), whereas the imaginary part is related to resonant (nuclear) response, and leads to the process of Raman amplification [1] [2] [3] . Stimulated Raman scattering (SRS) in optical fibers is a nonlinear process in which the optical frequencies from incident pumps are converted to lower frequencies (Stokes amplification), and higher frequencies (anti-Stokes amplification) through molecular vibrations [1, 4] . Stimulated FWM is a nonlinear process in which photons from two or more frequencies launched into the fiber are annihilated, and new photons are created at new or at already existing frequencies in the fiber [1] . Efficient stimulated FWM demands phase-matching. In order to achieve that condition, most of the work related with FWM has been done around the fiber zero-dispersion wavelength [5] [6] [7] . The unique properties of photonic crystal fibers (PCFs) have opened a new range of applications of nonlinear effects for all-optical signal processing [8] . Indeed, applications such as optical parametric amplification [9] , wavelength conversion [10] , signal regeneration [11] , supercontinuum generation [12] and optical demultiplexing [13] can be obtained very efficiently in this kind of fibers. PCFs can combine a high nonlinear coefficient with a polarization maintaining structure, characterized by a modal birefringence of the order of δn~10 − 4 [13, 14] . Therefore, with PCFs it is possible to have a HiBi optical fiber with a strong nonlinear response of the medium [8] . Besides that, PCFs can also present a zero-dispersion wavelength in the infrared region of the spectrum, around 1550 nm [14] . The combination of these properties in a unique fiber provides the opportunity to obtain both stimulated FWM and SRS processes very efficiently [1, 15] . Moreover, the high value of the nonlinear coefficient in PCFs allows nonlinear optical signal processing in short fiber lengths and in a low power regime [8] . An accurate description of these nonlinear processes in HiBi optical fibers can guide the development of new all-optical signal processing devices.
Typically, the single or dual pump FWM process involves only the generation of a new frequency. In these configurations, several studies of FWM process in optical fibers have been carried out, taken into account the quasi-instantaneous response of the nonlinear dielectric medium [16] [17] [18] and the delayed Raman response [19] [20] [21] [22] . For fiber lengths on the order of the effective length of interaction, the optical fiber can be considered an almost lossless medium. In that limit several new frequencies are generated inside the fiber through multiple FWM processes [23] . The multiple FWM processes in optical fibers were investigated in Refs. [23] [24] [25] , and their work was later extended to investigate the conservation law [26] and the nonlinear dynamics [27] of dual frequency-pumped multiple FWM processes, as well as to describe the dynamical evolution of the sidebands along an optical fiber [28] . Subsequent studies explored the interactions between pumps and the generated sidebands in highly birefringent fibers [29] , and the role of stochasticity on multiple FWM processes [30] . Recently, the self-stability function of multiple FWM processes was studied in Ref. [31] , and their work has extended in order to describe this process in the presence of multifrequency pumps [32] . In Ref. [22] , we studied the influence of the SRS on the generation of one idler wave through the stimulated FWM process in the single and dual pump configurations. Potential applications of these nonlinear processes are wavelength converters [33, 34] , modulation instability [29, 35] , demultiplexing [36, 37] and phase conjugation [38, 39] .
Existing theories cannot fully describe the simultaneous generation of two idler waves through multiple FWM processes in optical fibers. For this reason, numerical solution of the nonlinear Schrödinger (NLS) equation is used for explain the experimental data [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . In this paper we develop a theoretical model capable of describing the generation of two idler waves inside a birefringent optical fiber through three FWM processes, in both co-polarized and orthogonal polarization schemes. The obtained results take into account the delayed Raman response of the fiber. We use our model to quantify the impact of the delayed Raman response of the fiber on the generation of the two idler waves through three FWM processes. Since our theoretical model is vectorial, we are able to describe the evolution of the idler waves as a function of the polarization angle between the two pumps.
This paper contains five sections. Section 2 reviews the formalism of NLS equation and the third-order nonlinearities in optical fibers. In Section 3 we derive and solve analytically the combined processes of SRS and multiple FWM in two different polarization schemes. Section 4 describes the evolution of the first-order sidebands generated through multiple FWM processes as a function of the angle between the two pump polarizations. The main results presented in this paper are summarized in Section 5.
Analytical model
The evolution of the electrical field complex amplitudes, A i (z, t), inside an almost lossless birefringent optical fiber is governed by the NLS equation [22, 40] 
where β m, i is the m th order dispersion coefficient for the x or y fiber axis, γ is the nonlinear parameter, and R ijkl (3) is the fiber nonlinear response function [22, 41, 42 ]
with
In Eqs. [19, 42] .
In this work we are operating around the fiber zero-dispersion wavelength, and we are assuming a typical HiBi optical fiber with the following parameters: γ = 11 W , third and fourth-order dispersion coefficients at zero-dispersion wavelength β 3, x = β 3, y = − 2.84 × 10 − 2 ps 3 / km and β 4, x = β 4, y = 2.99 × 10 − 4 ps 4 /km [13] [14] [15] 43] and length L = 500 m. We are also assuming a continuous input optical power per pump of P 1 = P 2 = P p = 15 mW.
Multiple four-wave mixing
Using the model presented in Section 2, we analyze in this section the generation of two new frequencies inside a HiBi optical fiber through the multiple FWM processes. In this study, two pumps (at ω 1 and ω 2 ) are launched into a fiber, giving rise to two new frequencies, ω 3 and ω 4 , through three FWM processes, two degenerated and one non-degenerated. The two degenerated processes are given by ω 3 = 2ω 1 − ω 2 and ω 4 = 2ω 2 − ω 1 , whereas the non-degenerated is given by ω 1 + ω 2 = ω 3 + ω 4 . These multiple FWM processes can be decomposed in two different polarization schemes, see Fig. 1 .
We assume that the pumps are always much more intense than the idlers, and it is also assumed that the fiber length is much shorter than the walk-off length [1] . In that regime, we can apply the quasicontinuous wave approximation and the total optical field can be written as
where N = 1, 2, 3, 4 represents all fields in the j state of polarization, and Ω N = ω N − ω 0 , with ω 0 being the fiber zero-dispersion frequency of the fiber. Substituting Eq. (4) in Eq. (1), the NLS equation for the pump fields, can be written as
where u, v = 1, 2 represent the two pumps, according with the notation used in Fig. 1 , with u ≠ v, ξ m = ξ ∥ for the co-polarized scheme, see Fig. 1a , and ξ m = ξ ⊥ for the orthogonal polarization scheme, see Fig. 1b . In Eq. (5), l = j = x for the co-polarized scheme. In the orthogonal polarization scheme j = x and l = y for u = 1, whereas for u = 2 we have j = y and l = x. Finally, P u, j (z) = |A u, j (z)| 2 is the optical power of each pump field, and whereR a Ω ð Þ is the Fourier transform of R a (τ), andR b Ω ð Þ is the Fourier transform of R b (τ), and Ω u, v = ω u − ω v . After some mathematical manipulation, the complex amplitude for the pump fields at a distance z in the fiber can be written as
where A u, j is the input pump amplitudes, and
where g Rm = g R|| for the co-polarized scheme, whereas for the orthogonal polarization scheme g Rm = g R ⊥ , and P u, j represents the input pump power. From Eq. (9), we observe that the two pumps can transfer energy between them through the process of SRS. However, if the pumps are placed closely, Ω u, v /2π b 3 THz, and if their power is maintained at a low level [22, 44] , the power transfer between the pumps is very small [22] . In that case, Eq. (9) can be written as
Idlers evolution in the co-polarized scheme
The evolution of the idler fields in the co-polarized scheme is governed by the NLS equation, obtained from Eqs. (1) and (4) 
where α ≠ σ = 3, 4 represent the two idlers, according with the notation used in Fig. 1 , u ≠ v = 1, 2, with u = 1 for α = 3 and u = 2 for α = 4, and
The evolution of the complex amplitudes of both idlers at a distance z in the fiber is given by
where both idlers were assumed to have no optical power at z = 0, and
In Eq. (15), Θ 3, x and Θ 4, x are given by
From Eqs. (15) to (18a and 18b) we can see that the efficiency of the three FWM processes are governed by three phase-matching conditions [1, 43] 
In Fig. 2 , we plot the optical power evolution of both idler waves, given by Eq. (15), as a function of wavelength separation between the two pump fields, λ 1 − λ 2 . In Fig. 2a and b , we plot the evolution of the idler field at frequency ω 3 , whereas in Fig. 2c and d , we present the evolution of the idler at frequency ω 4 , see the scheme of Fig. 1a . In Fig. 2 , we can see that the influence of the delayed Raman response on the idler waves is negligible in these cases. This shows that the process can mainly be described by the FWM phase-matching conditions, given by Eqs. (19a), (19b) and (19c). In the situations considered in Fig. 2 , at least one of the phase-matching conditions is not null. According to Ref. [22] , if the nonlinear process remains unmatched, the limit f R = 0 is a good approximation to describe it, which is the case.
In Fig. 2a and c, we plot the evolution of the optical power P 3, x (L) and P 4, x (L), respectively, for two cases: λ 1 = λ 0 , and λ 2 = λ 0 . For λ 1 = λ 0 we have Δβ x1 ≈ 0, and for λ 2 = λ 0 we have Δβ x2 ≈ 0. In both cases, there exist two FWM processes that remain unmatched. We observe from Fig. 2(a) and (c) that the phase-matching condition Δβ x1 ≈ 0 (with Δβ x2 ≠ 0) leads to a high efficient generation of the ω 3 idler wave, and to a less efficient generation of the ω 4 idler wave. The opposite happens when Δβ x2 ≈ 0 (with Δβ x1 ≠ 0). This is due to the major or minor separation between the idler wave and the pump in the fiber zero-dispersion. It can be seen in Fig. 2(a) that, for λ 1 = λ 0 the optical power of the idler wave ω 3 increases with the wavelength separation until λ 1 − λ 2 ≈ 7.5 nm. However, in Fig. 2(c) we can observe that for λ 2 = λ 0 the optical power of idler wave decreases with the wavelength separation between the pumps, and reaches a local minimum when λ 1 − λ 2 ≈ 7.5 nm. This arises from the Θ α, x contribution present in Eq. (15) , that gives rise to the multiple FWM processes. This happens because the phase-matching conditions for the idler wave in Fig. 2(a) remains approximately zero for the wavelength range considered, which leads to a high value of Θ 3, x . The optical power increases due to the fact that the generation of the idler wave in the anomalous-dispersion regime is more efficient than in the normal-dispersion regime. In Fig. 2(c) , the phase-matching conditions are also satisfied. However, we are in the normal-dispersion regime, and in that case the generation of the idler is inefficient, when compared with the anomalous-regime. These results show that the optical power of the idler wave can increase with the wavelength separation, because in the multiple FWM processes, Fig. 2(a) , we are not only transferring energy from the pump P 1, x for P 3, x but also from the pump P 2, x , and the two pumps also transfer energy between them (Eq. (11)). This means that until Δβ x2 and Δβ x3 starts to deviate significantly from zero, the multiple FWM processes continue to amplify the idler wave, Fig. 2(a) . The results presented in Fig. 2(a) for λ 2 = λ 0 , and in Fig. 2(c) for λ 1 = λ 0 , also show that, the optical power of the idler wave rapidly decreases with the increase of λ 1 − λ 2 . This is due to the fact that the phase-matching conditions start to deviates from zero.
In Fig. 2(b) and (d), we plot the evolution of the optical power P 3, x (L) and P 4, x (L), respectively, for two cases: λ 1 = 1552 nm and λ 2 = 1552 nm. We can see from Fig. 2(b) and (d) that the case of λ 1 = 1552 nm leads to a high efficient generation of the idler wave ω 3 , and a less efficiency in the generation of ω 4 . The opposite happens for λ 2 = 1552 nm. It can also be seen in Fig. 2(b) that for λ 2 =1552 nm the optical power of the idler wave decreases more rapidly with the evolution of λ 1 − λ 2 , than for λ 1 = 1552 nm. The opposite result occurs when we analyze the idler wave ω 4 , see Fig. 2(d) . This happens because the difference λ 1 − λ 0 is smaller for λ 1 = 1552 nm than for λ 2 =1552 nm, in Fig. 2(b) , and the opposite happens in Fig. 2(d) .
In Fig. 3 , we plot the optical power evolution of both idler waves, given by Eq. (15), along the fiber length, for the case λ 1 = λ 0 and λ 2 = 1542.5 nm. It can be seen in Fig. 3 that the optical power of the idler wave at frequency ω 3 , P 3, x (z), grows monotonically along the length of the fiber, which is in line with numerical results presented in Ref. [24] . This is because the dominant process for the generation of the idler wave ω 3 is given by the FWM phase-matching condition Δβ x1 ≈ 0. From Fig. 3 , we can also see that the optical power of idler wave at ω 4 , P 4, x (z), does not grow monotonically along the fiber length. This is due to the fact that the FWM process, given by the FWM phase-matching condition Δβ x2 remains unmatched. An analogous result can be achieved if we analyze the generation of the idler waves for λ 2 = λ 0 and λ 1 = 1558.5 nm.
In Fig. 4 , we represent a comparison between this set of multiple FWM processes, given by Eq. (15), and the single and dual pump FWM configurations. The evolution of the idler wave in the single pump FWM configuration is given by [22] 
where r
, and K(Ω 3, 1 )=Δβ x1 + 2γP 1, x ρ ∥ (Ω 3, 1 ). In the case of the dual pump FWM configuration the evolution of the idler wave is given by [22] 
In Fig. 4(a) we represent the evolution of the idler wave at ω 3 with λ 1 − λ 2 , and in Fig. 4(b) we present the evolution along the fiber length. In Fig. 4(a) and (b) , in the single pump configuration ω 3 is the idler, ω 1 is the pump, and ω 2 is the signal wave. In the dual pump configuration ω 3 is the idler, ω 1 and ω 2 are the two pumps and ω 4 = 2ω 2 − ω 1 is the signal wave. In both configurations, single and dual pumps, the input signal power is 1 mW, and the input power per pump is 15 mW. In Fig. 4(a) , we have used λ 1 = λ 0 . In Fig. 4(b) , we have used λ 1 = λ 0 and λ 2 = 1548 nm. In both figures the phasematching condition for the single pump FWM configuration is almost null. In Fig. 4(a) and (b) the multiple FWM processes are given by Eq. (15), and as aforementioned we assume that only the two pumps are launched into the fiber. Results present in Fig. 4 show that the idler wave grows more rapidly in this set of multiple FWM processes than in the single or dual pump FWM configurations. In the single and dual pump configurations the optical power grows of the idler wave is proportional to the square of the pump powers, while in the multiple FWM processes the growth of the idler wave ω 3 involves the cube of the pump powers. This is due to the contribution given by the nondegenerated FWM process for the generation of the idler wave ω 3 in the multiple FWM configurations. Initially (for z ≈ 0), the generation of the idler wave ω 3 in the multiple FWM configurations arises from the degenerated FWM process given by 2ω 1 = ω 2 + ω 3 , subsequently the presence of this idler wave will stimulate a non-degenerate FWM process given by ω 1 + ω 2 = ω 3 + ω 4 . This can be seen in Eqs. (20) and (21) . When z ≈ 0 P 3, x in Eq. (21) is null due to the fact that initially P 4, x is null. However, P 3, x in Eq. (20) is different from zero and the idler wave P 3, x starts to grow from the degenerated FWM process ω 3 = 2ω 1 − ω 2 . At the same time the idler wave P 4, x also starts to be generated inside the fiber due to the other degenerated FWM process, given by ω 4 = 2ω 2 − ω 1 . This can also be seen in Eq. (20) , changing the subscript 3 by 4 and exchanging 1 by 2. When the idler waves are generated these degenerated FWM processes give rise to the nondegenerated FWM process described by Eq. (21), which is more efficient than the degenerated FWM process [45] . The combination of all these FWM processes, degenerated and non-degenerated, gives rise to the multiple FWM process, in which the generation of the idler waves is proportional to the cube of the pump power, instead of the square as is the case in Eqs. (20) and (21).
Idlers evolution in the orthogonal polarization scheme
In the orthogonal polarization scheme and following Eqs. (1) and (4) we find that the evolution of the idler waves in the fiber satisfy the NLS equation
where j ≠ l = x, y, α ≠ σ = 3, 4 represent the two idlers, according with the notation used in Fig. 1 , u ≠ v = 1, 2, with u = 1 for α = 3 and u = 2 for α = 4. For j = x we have ξ m = ξ ∥ and ξ n = ξ ⊥ , whereas for j = y we have ξ m = ξ ⊥ and ξ n = ξ ∥ . In Eq. (22) 
After some mathematical manipulation the evolution of both idlers inside the fiber in this polarization scheme is given by
where
and
with where c is the speed of light in vacuum, and Δβ x1 and Δβ x2 are given by Eqs. (19a), (19b) and (19c). It was assumed that A α, j (z = 0) = 0, i.e. there are no idler fields at the fiber input.
In Fig. 5 we plot the optical power evolution of both idler waves given by Eq. (25) as a function of wavelength separation between the two pump fields, λ 1 − λ 2 , in the orthogonal polarization scheme, see Fig. 1(b) . In Fig. 5 we can see that the SRS process decreases the optical power of the both idler waves, when compared with the limit f R = 0. This arises from the contribution of the imaginary part ofR a Ω α;v À Á andR b Ω α;v À Á in the Θ α, y function, present in Eq. (25). In Fig. 5(a) and (b) , we plot the optical power P 3, y (L), given by Eq. (25) , as a function of λ 1 − λ 2 . In Fig. 5(a) we have used λ 1 = λ 0 , whereas in Fig. 5(b) we have used λ 1 = 1552 nm. Results show that the optical power of the idler wave plotted in Fig. 5(a) is higher than the presented in Fig. 5(b) . This is due to the fact that the values of Δβ y1 and Δβ y2 are smaller for λ 1 = λ 0 , Fig. 5(a) , than for λ 1 = 1552 nm, Fig. 5(b) .
In Fig. 5 (c) and in Fig. 5(d) , we present the optical power evolution of the idler wave ω 4 , given by Eq. (25), as a function of λ 1 − λ 2 . In Fig. 5 (c) we have used λ 2 = λ 0 , whereas in Fig. 5(d) we have used λ 2 = 1552 nm. Results show that the generation of the idler wave ω 4 is less efficient when neither of the pumps coincide with the fiber zero-dispersion wavelength, Fig. 5(d) . This fact emerges from the phase-matching conditions presented in Eqs. (29a), (29b) and (29c) that are closer to zero when λ 2 = λ 0 .
It can also be seen in Fig. 5 that, this polarization scheme, Fig. 1(b) , leads to an inefficient generation of the idler waves at frequencies ω 3 and ω 4 , when compared with the co-polarized scheme, Fig. 1(a) . This is due to the high value of δn. Decreasing the value of δn, the optical power of the idler waves rapidly increases.
In Fig. 6 , we plot the optical power evolution of the idler waves, given by Eq. (25), along 250 m of fiber, in the orthogonal polarization scheme. Fig. 6(a) shows the optical power for the idler wave ω 3 , whereas in Fig. 6(b) we present the evolution of P 4, x (z). In both figures we have used λ 1 = λ 0 and λ 2 = 1542.5 nm. Results show that the optical power evolution of both idler waves, P 3, y (z) and P 4, x (z) is periodic with length. This behavior of the first-order sideband evolution, ω 3 and ω 4 , is related with the periodical energy exchange with the pumps. From Fig. 6(a) and (b) we can see that the SRS decreases the efficiency of generation of both idler waves, when compared with the limit f R = 0.
Polarization sensitivity of the idler waves
In this section we analyze the generation of the idler waves as a function of the polarization angle between the two pumps. The pump at ω 1 is aligned with the x-axis of the fiber. The pump at ω 2 makes an angle ϕ with the x-axis of the fiber [46] . The change of the angle ϕ from 0°to 90°means that we are evolving from the co-polarized to the orthogonal polarization scheme, see Fig. 1 . In this scheme the optical power of both idlers at a given z inside the fiber can be written as [46, 47] 
where |A 3, x (z)| 2 is given by Eq. (15) with P 2, x = P 2 cos 2 (ϕ), and |A′ 3, y (z)| 2 is given by Eq. (25) with P 2, y = P 2 sin 2 (ϕ), and
where |A 4, x (z)| 2 is given by Eq. (15) with P 2, x = P 2 cos 2 (ϕ), and |A′ 4, x (z)| 2 is obtained from Eq. (25) with P 2, y = P 2 sin 2 (ϕ).To describe the polarization sensitivity of the generation of the idler waves, we present in Fig. 7 the variation of the optical power of both idler waves with the angle ϕ. Fig. 7 shows the optical power of both idler waves given by Eq. (30) and Eq. (31), for the case λ 1 = λ 0 and λ 2 = 1542.5 nm. From Fig. 7 we can see that the optical power of P 3 (L) and P 4 (L) decreases rapidly with the evolution of the angle ϕ. This decreases is more evident for P 4 (L) due to the fact that the higher contribution for the generation of the idler wave at ω 4 arises from the photons that are annihilated from the pump P 2 . From Fig. 7 we can see that exist a large angle range around ϕ = 90 ∘ where P 4 (L) is almost null. This arises from the small contribution given by the orthogonal polarization scheme to the optical power of the idler wave at ω 4 . It can also be seenin Fig. 7 that the SRS process does not change significantly the evolution of the idler waves with the angle ϕ.
Conclusion
In summary, we investigate the generation of two idler waves inside a HiBi optical fiber, considering three FWM processes and the SRS. Using the coupled-equations we solve analytically the equations that govern the evolution of the complex amplitudes for two pumps inside the fiber, considering that the pumps interact between them through the FWM and SRS processes. We also derive and solve the equations that govern the generation of two idler waves inside an optical birefringent fiber in two polarization schemes. We show that in the co-polarized scheme the SRS does not change dramatically the optical power evolution of the two idler waves with the wavelength separation between the pumps, even when the pump wavelength coincides with λ 0 . We verify that, although one phase-matching condition is almost achieved, two other remain non-phase-matched. We show that the contribution of several FWM processes to the generation of idler wave can increase the efficiency of the process, for certain wavelength detunings. We also show theoretically that the optical power of the idler waves grows monotonically along the fiber length, when the pumps coincide with λ 0 . This fact is due to the three FWM contributions to the optical power of the idler wave. The orthogonal polarization scheme leads to an inefficient generation of the idler waves, due to the high value of δn. We verify that the SRS decreases the optical power of the idler waves when compared with limit f R = 0. We show that the evolution from the co-polarized to the orthogonal polarization scheme leads to a continuous loss of efficiency on the generation of the idlers waves.
Results also show that the generation of first-order sidebands from three FWM processes is physically quite different from the typically single and dual pump FWM configurations.
